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CY-401 (GS)
B.Tech., IV Semester
Examination, December 2024
Grading System (GS)
Introduction to Linear Algebra

Time : Three Hours
Maximum Marks : 70

Note: 1) Answer any five questions.

forgl ia wslt &1 54 BifoTg
i1) All questions carry equal marks.
ol ust & 96 e gl
i11) In case of any doubt or dispute the English version question should

be treated as final.

ot Wt R & Ty iyar fdare & Ay 7 s v & uy
P SifdH AT SR

1. a) Prove: Let V be a vector space and W be a subspace of V. Then the
map N:V — V / W defined by n(x) = x + W, x€V, is a linear

transformation.

Rg o ad d & v ie gfew 9af® g 3R w, v &1 Iu9dld 51
AR n:V—=V/W S nx) =x+W, x €V gRTl uRYINT 8 Th
e aRkad 2

b) Prove that, if Vo is a subspace of a vector space V, then there exists a
subspace Vi of V such that V=Vo+ Vi and Vo N Vi1 = {0}.
R wifoe fos, afe v, T e wAf v &1 IugaElP g, df v &
% SUTHP v, f[AgdE & S ff V=V, + Vi @ Vo N Vi = {0}
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2. a)
b)
3. a)

2]

Find two linear operators T and U on R? such that TU = 0 but UT # 0.
R? W & WH ReX T 3R U I Siforg e W TU = 0 &R
UT # 0 Bl

Find the characteristic polynomial and the minimal polynomial for the

matrix:
o
B={0 2 0
0 0 3
Afea & fou faxivaT 9gue 8k =giay 9gue @i |
2 1 0
B=|0 2 0
0 0 3

If T be the linear operator on R* which is represented in the standard

basis by the matrix

5 —6 -6
A=|-1 4 2
3 6 -4

Prove that T is diagonalizable. Find the diagonalizable matrix P that
PAP' 1s diagonal.

e T, R} R TH F HRR § 9 ore R gr1 e dfeaw
gR1 vfafAfda fosan S &,

5 —6 -6
A=l-1"% 2
V-6 4

d R &R & T SAHaReed gl SRAFAReed dfcad P & ol
fS e faw paP- * SETIHG Bl
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b) Given a2 x 2 matrix :

% ot
B=
3 4
Use the Cayley-Hamilton theorem to calculate B> — 9B + 14 and

verify that it results in the zero matrix.

2 x 2 Uicam e man g -

Hzf EJ

3 4

B2 - 9B + 14 &I TUMT & & o0 Dal-afficed T8T BT ITANT HR
3R U R b 391 uRumy 3 Aty 31

4. a) LetD be a symmetric matrix given by:

L L.
D=|2 3 2
=1 2 5

Find the eigenvalues and eigenvectors of D.

A T D T AT At & o faar ma @

5 a2 T"
D=| 2 (342
NG 5|

D ® Ay 3R ZHdaeY &1 Udl TRy

b) What are the essential properties of inner product spaces? Provide an
example of a vector space that satisfies these properties.
3fiale U JAM & IAMaRT® 0T 7T 87 TP IS JAMD &1 Th
JaTERUI UG HR, Sif S T[01 &I TP Hl |
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5. a) Consider the matrix A given by:

15 3
A=|0 1 0
0 6 3

1) Find the Jordan canonical form of the matrix A.

i1) Determine the corresponding Jordan basis.

At A R fqaR &R o 9 TaR e T &
(5 4 2]

A=l0 1 0
0 0 3

i) UCHT A BT Slle DAMBA & J1d B |
i) Feiferd Sie ofeR e R

b) Show that the set of all continuous functions on the interval [0, 1]
equipped with the inner product ( f, g) =lo'f(x)g(x)dx forms an inner
product space. Justify that this definition meets the properties of an
inner product.
ey & SrRme [0, 1] R I Tad wadl &1 Jg=g, S RS
TG ( f,g) = Jo *f(x) gix) dx ¥ GafSId 8, Th 3HidRe UHBA
Tafd ST 81 WY R B g oRum sifdRe UHmE & N &Y
fhg THR Tt 5l

6. a) LetV be the space of n x n matrices over a field F, and let A be a fixed
n X n matrix over F. Define a linear operator T on V by T(B) = AB —

BA. Prove that if A 1s a nilpotent matrix, then T is a nilpotent operator.
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A AT fF Vv, 87 F IR n x n S Afca ST Th WA g, IR A 8T FWR
& A n x n ACET B1 T(B) = AB - BA GRTV TR T&h IWAH R T
Rt 3| Rig R b afe A e Rauiee 3fted §, 4 T ue Feuice
TR B

b) Let C be a5 x 5 matrix with characteristic polynomial (t — 1)(t — 2)* (t

— 3)2. Determine the possible Jordan canonical forms of C.
A oY C T 5 x 5 AfeaT g foraw fa=ivar 9gug (¢ = 1)t - 2)2 (t - 3)°
81 C ® HHIfdd Siie fafgd = ulf &1 RylRor w1

7. a) Let T : C — (C be a linear transformation with the matrix

representation:
(2 - 0]
A=li 4 =3
0 3 1 _

Determine whether T 1s Hermitian.

AA AR T : ¢2 — ¢ Aftaw ufaffta & 1y te e uivad- &:

—_—

2 =i 0
A=li 4 =3
031
freffya & fos aar 7 gfifeT= 31
b) Suppose T : C* — C? is a linear transformation with the matrix
representation
" N2 -2
iINZ 142

Determine whether T is unitary or not.
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A AR T : 2 — ¢ Afeaw ufafafta & a1y ue e ufvad- &:
&_[uﬂ -HﬁJ
itz 12
Ruffva & f T veTHs 8 a1 781

8. Write short note on any two :

a) Direct sum decompositions
b) Unitary and normal linear transformation

c) Annihilator of a subspace

for=g1 &) R Hfére fewoft fefau

37) UI&f I 3{uded
9) ThIHD 3R IHH IR ufkada
) T IR BT AP YR

khkkkk*k
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